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Enhanced ultrasound transmission through the human skull
using shear mode conversion
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A new transskull propagation technique, which deliberately induces a shear mode in the skull bone,
is investigated. Incident waves beyond Snell’s critical angle experience a mode conversion from an
incident longitudinal wave into a shear wave in the bone layers and then back to a longitudinal wave
in the brain. The skull's shear speed provides a better impedance match, less refraction, and less
phase alteration than its longitudinal counterpart. Therefore, the idea of utilizing a shear wave for
focusing ultrasound in the brain is examined. Demonstrations of the phenomena, and numerical
predictions are first studied with plastic phantoms and then usieg &vohuman skull. It is shown

that at a frequency of 0.74 MHz the transskull shear method produces an amplitude on the order
of—and sometimes higher than—Ilongitudinal propagation. Furthermore, since the shear wave
experiences a reduced overall phase shift, this indicates that it is plausible for an existing
noninvasive transskull focusing methg@lement, Phys. Med. Bio#7(8), 1219-12362002] to be
simplified and extended to a larger region in the brain.2@4 Acoustical Society of America.
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I. INTRODUCTION significan} as inoperative since the resulting beam would be
. . . distorted and hard to preditf. The absence of significant

Coherent noninvasive focusing of ultrasound through . , .
the human skull has been suggested for a number of theré{]formaﬂon. on the _skuII ?’0”?‘5 elast|c_ wave speeds also has
peutic and diagnostic implications in the brain. For example,prOthIted Its consideration in modeling. However, a com-

ultrasound has been considered as a tool for the transsktﬁlex conversion irom a Iongltgdln.al wav(ekm)_ to a shear
treatment of brain tumors? targeted drug delivery, im- wave (skull) and back to a longitudinal wav@rain does not

proved thrombolytic stroke treatmeht, blood  flow necessarily produce a highly distorted or small-amplitude
imaging®® detecting internal bleeding,and tomographic wave. Our present experimental and theoretical investiga-
brain imaging -2 Although the human skull has been the tions with isotropic phantom materials and exvivohuman

barrier to the clinical realization of many of these applica-SKull Pone support this hypothesis. In fact, we show that a

tions, recent studies have demonstrated both minimally inval0cuséd beam traveling as a shear wave in the skull may be

sive and noninvasive aberration correction methods for trand€S$ distorted than a longitudinal one. In some instances a
skull focusing. Minimally invasive approaches use receivingfocused beam is actually observed to be larger in amplitude

probes designed for catheter insertion into the Bfdihto  than a longitudinal wave propagated through the same skull
measure the amplitude and phase distortion caused by tif§€a. The success of the longitudinal-shear-longitudinal
skull, and then use this information to correct the beam usingfoPagation is primarily due to the similarities between the
an array'® Alternatively, a completely noninvasive approach elastic (sheay wave speed {1400 m/s) and the sound
uses x-ray computed tomograpt§T) images to predict the SPpeeds of water{1500 m/s), skin {1525 m/s), and the
longitudinal wave distortion caused by the skfiNoninva- ~ brain (~1550 m/s). In contrast, the range of longitudinal
sive focusing with a therapeutic array has been demonstratei®und speeds in the skull at relevant frequencies is approxi-
with a longitudinal wave propagation model, but the ampli-mately twice these values.
tude of the focus was observed to drop when the focus was On the basis of these properties, we examine the possi-
directed close to the skull surface. bility of intentionally producing shear modes in the skull
The assumption that the transcranial propagation is comPone as a mechanism for producing or enhancing a focus
posed of purely longitudinal modes is valid for small inci- through the skull. We incorporate shear modes into a previ-
dent beam angle’g,but this assumption rapidly breaks down ously described transskull propagation model, demonstrating
beyond approximately 25°, as the longitudinal wave ap-a significantly improved ability to predict ultrasound phase
proaches its critical angle. This is a plausible explanation foand amplitude at high incident angles. To illustrate the ap-
the reduced amplitude observed using the longitudinaproach, we first model the field through a single plastic layer.
model; as the focus was directed toward the periphery of th&he approach is then applied to sections of human bone,
brain, an increasing number of array elements were orientegthich are compared to experimental measurements. The ap-
at higher incident angles to the skull. proach could be used for more accurate focusing in the brain
Modeling of shear waves in previous work had beenand could extend the focusing region beyond current
dismissed as being either of insignificant amplitd@er (if ~ methods.
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Using this description, each spectral wave component must
be viewed in its own unique reference frame. At the bound-
ary, the incident wave is split into a reflected wave, a trans-
mitted longitudinal wave, and a transmitted shear wave. The
amplitudes of these waves may be determined relative to the
incident wave using methods outlined by KiffbSpecifi-
cally, the normal component of the particle displacement

Ll
— r=Ve¢+Vxy, (4
must be continuous at the boundary as well as the normal
stress
AT 2 Dy 5
Sy=hgy TN+ 25 5)

FIG. 1. CT imageg(left) are segmented in to areas consisting of three-
dimensional nonparallel plates. The model then considers isotropic propaand the shear stress
gation within the bone.

ar, 4
' j), ©)

Sy=# (a_+ ax

Il. TRANSSKULL SHEAR MODE PROPAGATION y

Based on the skull's small curvature relative to ultra-With the shear and longitudinal sound speed of a given me-
sound wavelength¥:X® the inner and outer surfaces of the dium related to the Lameonstants« and\ by
skull are sectioned into regions that are each approximated as

. . . s N2u

flat, but not necessarily parallel. A diagram of the problemis  ¢cg= \ﬁ cL= \/ . (7
given in Fig. 1, showing the one region of the ultrasound p P
field incident upon skull surface. Each region is then mod-petails of the amplitude calculations are provided in Appen-
eled as a single-layer isotropic solid with Lansenstants  gjy A_ |t is stressed that each plane-wave solution describes
determined as a function of the mean density over the propgne pehavior of only a single angular wave number. It is
gation region. necessary to calculate these amplitudes for each component

Propagation through an arbitrarily oriented isotropic\yayve vector space. However, this may be readily performed
skull layer is achieved by spectral decomposition of the iy cjosed form, as given in Appendix B.

cident wave, followed by the determination of the ray paths,  afer propagating into the skull, the longitudinal and

and attenuation as a function of angular wave number as thgyear waves are treated separately, with the total wave reach-
field crosses the skull. Each of these initially Iongr[udmaling the brain then equal to

harmonic spectral wave components will be considered be-

low in terms of its velocity potential. Without loss of gener- g1l = Alll gi(ot=k'xsine"! —k;'y cose'")
alization, a given component may be viewed in a reference o - "
frame where the surface normal is oriented along the Carte- + ALl @tk xsinfg —ky Ty cosdsT) (8

siany axis, with thez axis defined by the unit vector of the " " ) o

cross product between the propagation axis and the surfadéereAr; and Ais are the amplitudes of the longitudinal

vector. In this frame, the velocity potential is expressed as Waves due to the incident longitudinal and shear waves in the
skull, respectively. The values of the velocity potentials may

&' =A'Lei(wt*k'xx sin 6~ kyy cos6') be found by equating Eq$4) through(6) at the skin—bone
. L | interfaces after substituting in Eq4) to (3), and solving for
+A| ge'(etmkxsing tky cost) (1) Al andAd . At the skull-brain interface, the incident shear

and longitudinal velocity potential amplitudes will be equal
ot . . to the product of these transmission amplitudes and the ab-
nent incident upon the layer surfadi,g is the amplitude of sorption loss experienced within the bone. Since each spec-

the reflected longitudinal wave; is the angle of !nC|dence, .tral component will have its own independent path length
andk, andk, are the wave vector components in the speci-

fied reference frame. The superscrints | to Il are used tthrough the skull, its total absorption will generally differ
. ‘ P PS | . etween components. A two-dimensional representation of
denote the skin, skull, and brain, respectively, while the sub:

scriptsL andS refer to longitudinal or shear waves. Accord- the problem is given in Fig. 1. i

: : ; il
ingly, the transmitted longitudinal potential in the skull is To find th_e wave ampl_|tudes in the braif, _andA,__S,
the problem is once again reduced to two dimensions by

whereA is the amplitude of the longitudinal wave compo-

given by rotating the problem into a reference frame where the surface
Al :AlL| ei(wt—ki(lx sin6'! —k'y'y cosﬁ“), ) normal is oriented along the Cartesiaaxis and the relevant
wave vector lies in th&—y plane. Since the soft tissue of the
and the shear vector potential is brain is fluid-like, the incident longitudinal wave in the skull
| Al itk xsingl Ky cosdll)s bone will be f_urth.er divided into a reflecte_d shear wave, a
P'=Age Sk sTYsY %0807, (3 reflected longitudinal wave, and a transmitted longitudinal
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1 : : . ‘ - Ill. PROPAGATION ALGORITHM
09k From Long. Wave B

/

We first consider a parallel plastic plate to test the algo-
¥~ From Shear Wave ] rithm in order to provide an idealized isotropic case readily
verifiable by experiment. The identical plate was previously
used in a study involving the propagation of longitudinal
1 waves from a planar source at small incident anéieRel-
evant values for the plastic are summarized in Table I. The
ultrasound source is a 1.5-MHz focused transducer with a
04f ] diameter of 120 mm and a radius of curvature equal to 160
mm. The source function for the algorithm is acquired by
projecting a laboratory-measured pressure field from a plane
oy 7 near the geometric focus backward to the sodfdhis field
o1l is measured over a 3080-mnt area with a spatial resolu-
‘ . . tion of 0.5 mm. The source function is then propagated
0 0 2 % 40 50 60 70 80 % through the plates using an algorithm described numerically
Incident Angle * in Appendixes A and B. The distance from the source to the
FIG. 2. Calculated pressure amplitude of a planar wave after quuid—solitfneaSured plane is 12_1 mm and that from the plastic inner
(Plexiglag—liquid propagation. surface to the source is 61 mm.

Similar methodology is used to propagate through
vivo human calvarigbrain cages Following the laborator
wave. The_ shgar wave _in the skull wil .be. similarly divided, measurements, waat(er is usegd )zsis the intgrfacing mediur¥1 be-
but with differing reflection and transmission angles. . tween both the inner and outer skull surface. The ultrasound

The acoustic pressure f”lt a given pomt. in the brain 'Source for the transskull measurement is a 0.74-MHz focused
obtained by separately solving for the amplitude and phasﬁansducer with a diameter of 8 cm and a radius of curvature

of each spectral component over a planar area. The spectruga]uaI to 150 mm

is then inverse transformed to give the pressure over the The numeric algorithm is implemented inATLAB , Us-

measurement plane. The pressure a_mphtude is equal to t_'ilr?g matrix-based operations for the layers. Operations were
negative of the normal stress which is related to the amp“'performed on a 1-GHz AMD-based PC. A typical projection

tulﬂe of the scalar velocity pot_entials in the br !IL and of a complex 12& 128 matrix through five layers took ap-
Als, by Eg. (4) and Eq.(5). Figure 2 shows the angular proximately 30 s to calculate,

dependence oA'| andAl'§ resulting from an infinite plane
wave in water after traveling through an ideal acrylic layer. A
similar plane-wave methodology was examined by|y. EXPERIMENT
ThompsoR! for examining Doppler beams through plastic.
Based on the skull's high attenuation coeffici&htye
neglect additional contributions due to multiple reflections Data for the simulation were obtained from a digitized
within the skull boné®?? The total acoustic pressure at any human-head profile obtained using CT ima¢@&mens, SO-
point in the brain can be determined by calculating the patiMATOM, AH82 Bone Kernel. Both the coordinates of the
length and total transmission amplitude for each spectraskull surfaces as well as the internal density variation were
component. These values then allow the relative acoustiobtained from these images. Scans were taken at 1-mm in-
phase and the overall attenuatigncluding absorption logs  tervals using a 200 200-mm field of view. A polycarbonate
to be estimated. The algorithm for determining the field pathstereotaxic frame was attached around each sample to allow
lengths from the transducer to the measurement point in thine skulls to be attached to the array and provide a reference
brain is presented in Appendix B. A special case of thefor the mechanical positioning system and the CT images.
method was previously used to trace the longitudinal patfThe calculation was performed only in bone lying within the
length of elements from an array in order to focus ultrasoundeamwidth of the section being considered. Information
through human skull¥ In that study, sections of the inner about the shape and structure of an individual calvarium was
and outer surfaces of the skull were assumed to be parallelcquired by combining the images, which returned intensi-
and shear waves were neglected. ties proportional to material density. In the present demon-

08

0.7

06

051

Pressure Amplitude

03r !

A. Skull registration and density

TABLE I. Summary of materials and their acoustic properties, including density, longitudinal absorption coef-
ficient, shear absorption coefficient, longitudinal and shear sound speeds, and thickness across the axis of

propagation.
Density a, ag C. Cs Thickness
Material (kg/m?®) (Np/m) (Np/m) (m/s) (m/s) (mm)
Plastic 1187 45 50 2185 1330 11.8
Skull 2186 85 90 2850 1400 5.29
Water 1000 0 0 1486 NA Variable
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Hydrophone
= ¢ e JES
Transducer
50 dB Gain 8 dB Gain
Calvarium FIG. 3. (A) The experimental setugB) An overhead
Axi o g view showing the relative position of the hydrophone
xis of rotation . .
within the skull specimen.
B

stration, the mean density across the layer was used, effe8D linear positioning systerfMelmex, model V P9000al-
tively approximating the skull as an isotropic solid. lowed the hydrophone to be scanned over a measurement
Coordinates of points along the inner and outer surfacearea centered about the transducer’s axis of symmetry. Trans-
of the skull were identified on an image using a thresholcjucer signals were generated by an arbitrary waveform gen-
filter, which searched for the innermost and outermost dengrator(Wavetek, California, model 305ed to a power am-
sities >1.4 gm/cni along each line of an image. Points of plifier (ENI, New York, model 21001 The hydrophone’s

successive images were combined to give three-dimension%”age response was sent though a Precision Acoustics

representation of the inner and outer skull surface. Pixel 'n'preamp and an amplifiefPreamble Instruments, Oregon,

tgnsme; of each image were alsq combined into a threer'nodel 1820 before it was recorded by a digital oscilloscope
dimensional array for later processing.

L . . . (Tektronix, Oregon, model 380The voltage waveform was
The projection algorithm relied on precise knowledge ofd loaded to a PC by GPIB trol and th litud d
the orientation of the skull relative to individual array ele- ownloaded o a y control and the amplitude an

ments. To achieve this, the phasing algorithm translated ang'@Se at the measurement location were calculated from the
rotated the skull data from the CT coordinate frame to theFT Of the signal, taking the values at the transducer driving

transducer coordinate frame as well as translated and rotatdigguency.

the skull from the mechanical positioning system’s coordi- ~ The 11.8-mm plastic plate was placed in the test tank
nate frame to the transducer coordinate frame. The progra@nd the acoustic transmission was measured on the transduc-
operated using three markers located on the polycarbonags’s axis of symmetry, 121 mm from its face. The acoustic
frame affixed to the skull. These locations could be identifiedoressure was measured betweer0° and 70° at an incre-
mechanically with the positioning system to a precision ofment of 1°. Agreement between the measured and simulated
approximately 0.1 mm. The algorithm then generated a rotawaveforms was evaluated by comparing the amplitudes and
tion matrix that mapped between the coordinate systems. phases at each angular orientation. The source function for
the simulation was a pressure field measurement taken with
the transducer in water without a plate present.

For the transskull measurements, two different mounting
_Propagation experiments were set up in a water tank t(%/rocedures were performed. The first, shown in Fi@),3
yenfy the numeric al_gorllthm. Measyrements were perfprme as designed to allow measurement through an approxi-
in degassed and deionized water in a tank padded with rUk?‘hately constant location on the skull at different incident

ber to inhibit reerctlong. UItrasoundIS|gnaIs were generate gles. The second configuration, Figb3 allowed mea-
by a transducer specific to the particular measurement an o . . .

. : S . . surement at high incident angles with good registration be-
received with a polyvinylidene difluoridé>VDP) needle hy- tween the transducer and the skull, but did not facilitate
drophonegPrecision Acoustics, Dorchester, WKIo assure a ’

strong reception while maintaining accuracy, a O o_mm-mnovement of the skull. Initial measurements examined the

diameter hydrophone was used for the 1.5-MHz measurednular dependence of amplitude on the skull, in order to
ments and a 0.5-mm-diameter hydrophone was used for megétermine whether amplitude peaks were present beyond the

surements at 0.74 MHz. The smaller hydrophone at highelpngitudinal Snell's critical angle. A section of skull bone
frequency was used to minimize hydrophone directivity andvas rotated between 0° and 55°, with the axis of rotation
prevent phase averaging. A sk(dr plastic platgwas placed normal to the transducer axis and coincident with a line
between the hydrophone and transducer at an angle cotihirough the bone. The maximum angle of 55° was the high-
trolled by a rotational stepping mot@velmex, New York. A est value obtainable with the current setup.

B. Ultrasound measurements

J. Acoust. Soc. Am., Vol. 115, No. 3, March 2004 Clement et al.: Transmission through skull using mode 1359



11.8 mm Plastic (w/atten) — Focused 1.5 MHz

0.4
035 B
<
£ 03 ]
E' 025 [ Simulation
N 0ah Experiment
7
4] 015
&
0.1
0.05
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V. RESULTS ==
A. Plastic 1200 [
The correlation between the measured and predictec & 1000
fields is shown in Fig. 4. For reference, the plot also includes :f
the amplitude of the numeric calculation obtained when 800 |
shear waves were neglected. The amplitudes and phases <
all three curves match closely for incident angles with abso- g 600 |
lute values below 31°, which is the longitudinal critical @ 36%, Peak
angle for the signal's spectral peak. However, beyond this £ 00
angle, the longitudinal-only simulation is unable to predict A
the second local maximum in the amplitude, which results 566 |
from a purely elastic wave within the sample. The major
source of discrepancy between the measured data and simi 0 5 10 15 20 25 30 35 40 45
lated amplitude possibly results from underestimation of the , .
shear wave absorption coefficient in the simulations. This 5 g
effect becomes more pronounced at high angles, where th 4%t |
path length is largest. However, very good correlation is ' |
found between the simulated and measured ultrasound phas @ 4
This agreement extended to nearly all angles, with the ex- & 35
ception of the transitional region between 20° and 30°, the "§ 3
region where the wave amplitude is near its minimum. Ne- & -
glecting this region, 76% of the remaining calculated points § )
deviated from measurements ly6—or less—radians. f 2
L5 [ 1
B. Transskull measurement 1
By rotating the skull, a local pressure transmission maxi- &3 | - s s

0 5 10 15 20 25 30 35 40 45

mum was observed at 32°. This signal is expected to resul
Incident Angle °

almost entirely from shear propagation through the bone,
S e o

ba.SEd ona IongltUdm,al Cr.ltl.cal angle of about 30 '.Furth.erFIG. 5. The on-axis amplitude and phase measured after propagation

evidence of the wave’s origin as a shear wave at higher Mihrough a skull bone. The black lines indicate the transition in phase to an

cident angles is found in the measured ddag. 5), which  entirely shear mode.
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FIG. 6. Transskull ultrasound signal measured at 0°, 15°, and 35° incidence. The measurement indicates reduced distortion beyond Snelfjiedotical a
the longitudinal mode.

shows the angular dependence of the wave phase. Below 2@&lative to the axis of symmetry. Although there is discrep-
the phase closely resembles the behavior of a purely longancy between the simulation and the measurement, the simu-
tudinal wave. Between 26° and 32° there is a deceleration ifation was nonetheless able to identify the presence of the
the slope, indicating a region of superimposed contributiorfocused shear wave, with a beam shape resembling that of
from the shear and longitudinal wave. Beyond 32° the slopgéhe measurement.
is approximately linear and negative, since the shear sound
speed is less than the spegd of soqnd in watgr. V1. DISCUSSION

Using the same mounting configuration, field measure-
ments were performed over a 880-mm area with 1-mm Our preliminary simulations and experimental measure-
resolution for different incident angles. Figure 6 shows thements indicate that transmission of a coherent, focused ultra-
field immediately after passing through the skull bone aftersound beam through the skull purely as a shear wave is pos-
measurements at 0°, 15°, and 30°, showing less distortiogible. At the presently considered driving frequency near 0.7
in the signal propagated through the skull as a shear wavelHz, the peak amplitude through the skull due to shear
than when propagated in a longitudinal mode at both 0° angropagation in the bone was found to be between 35% and
15°. 55% of the peak longitudinal mode. Although the shear am-

A second set of measurements was performed witlplitude was lower than longitudinal modes, we found evi-
skulls placed in reference frames for spatial correlation withdence that the overall beam may suffer less distortion when
CT images. Although only an estimated value of the sheapropagated through a localized region of the bone. Further-
wave speed was used for the study, accurate spatial registmaore, the shear mode experienced less phase distortion due
tion and data for the longitudinal modes allowed the longi-to the similarity between the shear wave speed and the speed
tudinal critical angle to be identified. Skulls were then of sound in water. Comparable similarities could be found in
aligned to assure that the transmitted signal was from sheaoft tissues.
propagation in the bone. More precise correlation between the simulation and

Finally, a demonstration was performed with a skull measured data will require accurate measurement of the
placed in a reference frame, to allow spatial correlation withshear wave speed in the skull bone. The present study used a
CT images. Accurate spatial registration and data for the lonpreviously tabulated value of 1400 nifslt is likely, how-
gitudinal modes allowed the longitudinal critical angle to beever, that this value fluctuates as a function of position on the
identified. However, only an estimated value of the sheaskull and could potentially be correlated either with bone
wave speed was available for the stdlySkulls were density and/or with bone typeortical or trabecular
aligned to assure that the transmitted signal was from shear There are several possible direct implications of the
propagation in the bone. Figure 7 shows a line measuremeshear transmission method: First, the method may be added
of the field, with the outer surface of the skull oriented at 32°to pre-existing noninvasive transskull phasing algorithms for
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FIG. 7. A linear hydrophone measurement of a trans-

skull ultrasound beam(solid). The measurement is
taken parallel to the transducer’s propagation axis and
passes through the transducer’s geometric focus. This
scan is compared to a model wittlashed and without
(dotted consideration of shear propagation in the skull.
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improved focusing at high incident angles. This is particu-and
larly important when focusing close to the skull surface,
where high angular ipcid.enc'e is necessary. .Second, the | 2A'Lc”2k'2kgp' cosé' cos 261 /K!
method may have application in transskull imaging, where a ~ A}'(8')=
narrow ultrasound beam would be directed through the skull

D, (6")p" cosé'+c"’k'p' cosa, B, (8')’

and intentionally high incident angles. Finally, the method (A2)
could potentially be used to detect flow in the brain by means
of frequency Doppler shifts. All of these techniques are ex-\Vhere
pected to be feasible in the submegahertz frequency range | | T
considered here. Byi(6')=ks cos 205 + 2k’ sin 6|’ sinds, (A3)
ACKNOWLEDGMENTS C)(0")=kscos6|' cos 208 +k, sin20d sings,  (A4)
This work was supported by Grants 9R01EB003268 and , ,
R21EB00705 from the National Institutes of Health. D, (6')=k'k&(c|' cos 208 —2c¥ " sin 6!
Xsin(g; —2643)), (A5)

APPENDIX A: TRANSMISSION AMPLITUDES

The pressure gmphtude; were calculated by solving foy, 4 the transmitted angles are understood to be functions of
the velocity potentials described in Ed$), (2), (3), and(8). 0, related by Snell's law
After linear algebraic simultaneous solution of the equations,
it may be shown that the shear and longitudinal wave ampli- o T T
tudes in the bone are given by Sing’ _siné, _ sinfs

o (A6)

NI I I ain gl /! C:-I:Cg
—4A,c' k' k. p' cosé' cosf, sind, kg

gl —

As(0) D, (8"p" cosd' +cik'p"'Cy(6) The amplitudes of the waves transmitted into the brain

(A1)  from the incident longitudinal and shear waves are equal to
|

o —(2AL(6")cdkEpsicosh) (kscos 204 + 2k, sin6d)sin 204 )/k!!

ALs(0) = APNT TTENITETTINIT I (A7)

D(6)p" cose' +c" k'"p"Cy ()
and

" 2Al (YK p! coshy (el — el +cl’ cos 261)B,, (6') /KM

AlL(8Y)= (A8)

pll C050“|D||((9I)+C”|2k“|p|” COSH:_l B||(9I)
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APPENDIX B: PROPAGATION ALGORITHM

N—-1 A
(Zo— rn) “Nnt1
¢(knyvwiz):¢(kOXy1wizO)+ E kn N
Regardless of whether or not the layers are parallel, the n=0 Ky Apsq
transfer function through the layers may still be written in a
closed form in terms of the thickness across zthexis, z,,, —SiNynyy( ), (B5)

the sound speed,,, and density of each layeng&l, I, 111).
For each interface it is necessary that the unit vectors norm
to the layer surface$, be calculated. For a given initial
wave vectorko,,, the ray path from0,0, z,) between any
two surface interfaces traverses a distance of

iven ¢(Koyy , @,2p), the phase op(ky,k,,w,zy) at the ini-
ial plane.
The pressure over the plane atcan be expressed in
terms of the ray phase presented in E85) and the trans-
mission coefficient by

T)(kny,w,z)="p(k0xy,w,zo)e‘i Sin Yl )

N—1

[I To(@edntny el (Be)
n=1

(an’)f_rnxy)'ﬁn+1’ (Bl)

|Rnxy| = R
knxy' Nht1 %

where, as depicted in Fig. I,,, is the vector extending , . .
along the layer fronz axis to the intercept of the layer with where the terms in square brackets on the right-hand side of

the ray. The unit vector along the wave vector's path is giverEd- (B6) can be viewed as an operator that maps the field

by k... Again, the frequency dependence on the wave Vecf_rom ko space to a newy space. In the present problem, the
nxy - ’ . .
tor orientation is understood. It follows that the ray positionamp“tUdes’T’ are given by 10 EqsiA7) and (A8) and the

- - o component anglesyy,y. In practice, this mapping requires
vector must be equal By =[Rnyy|Kknxy- Although the ini- 400 01ation to produce a linearly spaced matriat

tial wave vector orientatiorko,y, is known, the direction of

the wave vector in the first and subsequent layers must be

calculated using the relatiéh
LF. J. Fry, “Transkull transmission of an intense focused ultrasonic beam,”

Ultrasound Med. Biol3(2-3), 179-184(1977).
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