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The interest in shear waves propagating in soft sol�
ids has quickened after the appearance of two papers
devoted to this subject [1, 2]. In these papers, the
authors proposed to carry out elastographic studies of
biological tissues with the use of shear waves generated
by modulated radiation pressure of focused ultra�
sound. When the force of the radiation pressure caused
by absorption or scattering in the focal region of the
radiating transducer is modulated with a low fre�
quency, it gives rise to shear waves outgoing from the
focal region. The propagation velocity of shear waves
can be used to determine the Young modulus of the tis�
sue, which characterizes the state of the latter. Today,
one can find many publications devoted to such
“sonoelastographic” studies of biological tissues (see,
e.g., [3]). For example, one of the most recent papers
demonstrates the possibility to detect the inhomoge�
neities of the shear modulus due to heating [4]. 

Nonlinear wave interactions in such media have
also been widely investigated. Unlike liquids, where
only longitudinal waves can interact, in elastic media,
shear waves can also take part in wave interactions. 

For the five�constant elasticity theory describing an
isotropic medium [5] with only quadratic nonlinearity
taken into account, equations determining all the pos�
sible wave interactions were derived in [6]. Classifica�
tion of interacting waves and the conditions on fre�
quencies and wave numbers that allow the interaction
of plane waves (resonance conditions) were given in
[7]. In the same paper, the authors calculated the scat�
tered fields generated by beams of interacting waves
with the use of the small perturbation method. Non�
linear processes in shear fields where only odd nonlin�

earity is possible were theoretically considered in [8]
where equations for a beam of a shear wave were
derived with allowance for nonlinearity and parabolic
transverse diffusion, and in [9], where a self�similar
transformation was proposed and the self�focusing was
considered in the approximation of geometric acous�
tics. In [10], a modified representation of the potential
energy of strain was proposed to separate the contribu�
tions due to uniform compression and shear. Beams of
shear waves with linear and elliptic polarizations were
theoretically studied in [11]. An experimental obser�
vation of a two�frequency interaction between shear
waves was reported in [12]. In other experiments [13],
both a two�frequency interaction and odd harmonic
generation were observed for plane waves. In [14], the
formation of shear shock waves was detected when the
Mach number with respect to the shear wave’s velocity
was about 0.4. Finally, in [15], an attempt was made to
determine the nonlinear moduli from the measured
dependence of shear wave’s propagation velocity on
static strain in a soft solid specimen. The authors of
[15] also derived relations between the shear wave
velocity and the constant  of the five�constant elas�
ticity theory.

In the present paper, we consider the least studied
type of wave interaction in soft solids: the decay of a
longitudinal sound wave into two shear waves. This is a
particular case of interaction between a longitudinal
wave and a shear wave, which leads to generation of a
transverse wave. In the table of allowed interactions
that was given in [7], this type of interaction corre�
sponds to the fifth row. Figure 1 shows the diagram of
the corresponding interaction. The initial sound wave
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with the wave vector  and frequency  falls into two

shear waves with the wave numbers  and frequen�
cies . The wave vectors and the frequencies satisfy
the relations

(1)

The characteristic feature of soft solids consists in
that the velocity of the transverse wave in them is two
or three orders of magnitude smaller than the velocity
of the longitudinal (sound) wave. Therefore, the mag�
nitudes of the wave vectors of the generated shear
waves are much greater than the magnitude of the wave
vector of the initial sound wave; hence, the shear waves
propagate in the directions perpendicular to the direc�
tion of sound wave propagation. The purpose of our
paper is to attract the attention of specialists in medi�
cal and biological acoustics to this mechanism of
transfer of sound energy to small�scale vibrations of
the medium as an alternative of the thermal and cavi�
tation mechanisms of ultrasonic action upon biologi�
cal media. 
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It is commonly believed that ultrasound�induced
damage of biological tissues is caused by either heating
or cavitation. In addition, it is possible that ultrasound
destroys the tissue because of purely mechanical
effects [16–19]. In [16–18], the absence of cavitation
was achieved by applying sufficiently high static pres�
sure. A review of various effects that may be significant
for biological action of ultrasound can be found in [20]
(Chapters 12 and 13).

Histological observations carried out by one of us
(N.I. Vykhodtseva) [21], as well as some other investi�
gations, suggest that alternative mechanisms of dam�
age caused by ultrasound should be considered. As an
example of ultrasonic action, Fig. 2 shows micro�
scopic sections of a rabbit’s brain tissue affected by
focused ultrasound with different parameters. The
left�hand plot represents the homogenized tissue after
the action of focused ultrasound (the total radiation
power is 360 W, the frequency is 1.63 MHz, the pulse
duration is 0.005 s, the pulse’s repetition frequency is
2 Hz, and the total duration of ultrasonic action is 10
s); the right�hand plot shows the cavitation�induced
damage obtained by applying a twofold ultrasonic
power. A detailed description can be found in [22]. 

So far, no adequate explanations of nonthermal
and noncavitation damage of tissue in an ultrasonic
field have been found. The shear waves generated by
sound as a result of decay interaction can be consid�
ered as a possible origin of the purely mechanical,
noncavitation damage of tissue. 

For the three�wave interaction involving one longi�
tudinal and two shear waves, calculations can be per�
formed with the use of the formulas derived in [7].
However, below, we use a simplified approach, which
takes into account that, in a soft solid, the wavelength
of sound considerably exceeds the wavelength of shear
waves. This allows us to ignore the spatial structure of
the sound wave and to assume that shear waves propa�
gate in the medium, in which the pressure (or the
uniaxial strain or stress) varies periodically in time and
synchronously at all of the spatial points. One more
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Fig. 1. Diagram illustrating the decay of a longitudinal
(sound) wave into two shear waves.

500 µm 500 µm

Fig. 2. Histological sections of rabbit’s brain tissue subjected (in vivo) to the action of focused ultrasound with different parame�
ters. The left�hand plot represents homogenized tissue after the action of focused ultrasound (with a total radiation power of
360 W, a frequency of 1.63 MHz, a pulse duration of 0.005 s, a pulse repetition frequency of 2 Hz, and a total action duration of
10 s). The right�hand plot displays cavitation damage arising under the effect of approximately twofold ultrasonic power.
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simplification consists in neglecting variations in the
density of the medium.

We write the wave equation for the displacement
 in shear waves with allowance for the pressure

dependence of the shear modulus:

. (2)

The shear modulus  depends on the pressure  as

, (3)

where  is a positive constant determining this depen�
dence. Note that, the pressure dependence could be
replaced by the dependence on uniaxial stress if the
results obtained in [15] were used. 

The inverse effect of transverse waves on sound is
ignored; in other words, we assume that the pressure
p(t) is a given function. Without going beyond the qua�
dratic approximation, we represent Eq. (2) in the form

. (4)

We preset the sound pressure in the form of a harmonic
plane traveling wave with an amplitude , a frequency

, and a wave vector :

. (5)

In compliance with the theory of a resonant three�
wave interaction, we seek the field of the shear wave in
the form of a pair of traveling waves with identical
time�dependent amplitudes:

(6)

The frequencies and the wave numbers satisfy the con�
ditions of synchronism given by Eqs. (1).

Now, we use the small perturbation method: we
multiply Eq. (5) by the second time derivative of
Eq. (6) and substitute the result on the right�hand side
of Eq. (4), which we consider as an additional source
generating the additional shear field. Multiplying the
trigonometric functions, we obtain the difference
between the cosines with sum and difference frequen�

cies  and with wave numbers . Using con�
dition (1), on the right�hand side we retain only the
difference terms, which are synchronous with the left�
hand side of Eq. (4):

 (7)

We additionally simplify our calculations by assuming
that the magnitude of the wave number of the sound
wave is much smaller (by a factor of 100 or 1000) than
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the magnitudes of the wave numbers of shear waves.

Then,  and Eq. (7) takes the form

Comparing the space and time dependences of the
right�hand side of this expression with expression (6)
for the shear field, we see that the right�hand side of
Eq. (4) can be represented as

. (8)

Rearranging it to the left�hand side of Eq. (4), we
obtain

. (9)

Thus, the effective force caused by nonlinear interac�
tion of sound with the shear field is proportional to

the displacement velocity in the shear field, . This

is the equivalent of the negative force of external fric�
tion with friction coefficient , which is determined
as . The presence of negative fric�
tion leads to an exponential increase in the amplitude

of shear waves: , where the incre�
ment δ is

. (10)

Thus, the dependence of the shear modulus of the
soft solid on pressure leads to a parametric build�up of
shear waves in the field of the sound wave. The fre�
quency of the shear waves  makes half the frequency
of the sound wave . If we assume that the propaga�
tion velocity of shear waves in soft biological tissues is
approximately 1000 times smaller than the propaga�
tion velocity of longitudinal waves, the wavelength of
the shear wave excited by a sound wave whose fre�
quency is 1 MHz should be 3 µm.

To take into account the regular (linear) absorption
of the shear wave, we subtract the linear damping coef�
ficient  from the right�hand side of Eq. (10):

. (11)

The presence of absorption gives rise to an instabil�
ity threshold: the exponential build�up is only possible
when the amplitude of the sound pressure exceeds the
threshold value

. (12)
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If the pressure amplitude far exceeds the threshold, the
characteristic time of the shear wave’s amplitude
growth (the build�up time)  is estimated as

. (13)

Above, we considered only one pair of shear waves
interacting with the longitudinal wave. By virtue of
axial symmetry, pairs of wave numbers of shear waves
can be rotated through any angle about the wave vector
of the sound wave. Hence, when the instability thresh�
old is exceeded, the insonified region becomes filled
with shear waves traveling in all the directions that are
approximately orthogonal to the direction of the
sound wave’s propagation.

To estimate the magnitude of the effects, it is nec�
essary to know the values of the coefficients  and .
An experimental study of the effect of static uniaxial
stress on the propagation velocity of shear waves with
a frequency of 50 Hz in agar�gelatin gel was described
in [15]. The dependences obtained in these experi�
ments allow the determination of the nonlinearity
coefficient . This coefficient was found to be not only
specimen�dependent, but also dependent on the
polarization of shear waves, and its values varied

within  Pa–1. In principle, this value
can be used to estimate the parametric generation of
shear waves. However, intuition suggests that the val�
ues of  obtained in [15] are overestimated. We take
the value of  to be several orders of magnitude

smaller, for example,  Pa–1 (the shear modulus
increases by a factor of two when the pressure
increases to 100 atm). For the parameter , we take the

value . Then, the amplitude of the threshold

pressure given by Eq. (12) will be  Pa,
which approximately corresponds to a flux density of
acoustic energy of 130 W/cm2. The characteristic
build�up time in the case of a twofold excess over the
threshold is (see Eq. (13)) . When the fre�

quency of sound is 1 MHz, this time is  s. 

Evidently, to obtain more accurate estimates, it is
necessary to determine the coefficients  experi�
mentally; moreover, the values of these parameters
should be determined in the megahertz frequency
range.

The theory presented above describes only the ini�
tial stage of the process: the instability threshold and
the beginning of exponential increase. The increase
cannot last without a bound. To adequately describe
the subsequent evolution, it is necessary to consider
the constraining effects. The first step is to take into
account the inverse influence of shear waves on the
sound wave. In classical nonlinear optics, this influ�
ence is described by the Bloembergen equations [23].
In their pure form, these equations describe the cyclic
energy transfer between three interacting waves. In our
case, they should be complemented with the loss in

τ

τ = α ⋅ ⋅ ω = α ⋅ ⋅ ω0 1 0 02 ( ) 4 ( )P P/ /

α ε

α

− −

α − ×
4 3~ 10 2 10

α

α

−

α =
710

ε

−

ε =
110

= ×

6
0* 2 10P

τ = ω05/
−

τ
6~ 10

α ε,

shear waves, the higher harmonic generation, and the
generation of a shock wave [9, 11, 13, 14]. As a result,
we may obtain a steady�state process in which the
shear wave amplitude is maintained at a constant level
due to the balance between the energy transfer from
the sound wave and the energy loss in shear waves. For
the sound wave, this manifests itself in an effective
nonlinear loss. A more significant and interesting
effect is the influence of the structure damage on the
initial parametric interaction. The main physical
result of the three�wave interaction under study may
consist in the partial damage of the structure of the
solid or in a total failure of this structure. This leads to
an increase in the loss coefficient characterizing the
energy loss in shear waves. An increase in the damping
coefficient leads to suppression of instability: the
energy transfer from the sound wave to the shear waves
terminates. The consequences of this effect depend on
several factors. If the structure damage is irreversible,
the subsequent evolution of the three�wave ensemble
is of no interest. If the processes are reversible, an
alternation of intervals corresponding to the genera�
tion of shear waves and to the absence of generation is
possible. This situation should affect the initial sound
field, which will propagate in the medium with fluctu�
ating parameters and will experience strong fluctua�
tions itself.

We made an attempt to indirectly observe the
aforementioned effect in model experiments. Speci�
mens of agarose hydrogel (this material is conven�
tionally used in practical medicine and biology as a
phantom of soft biological tissue) were irradiated
with pulsed focused ultrasound. The purpose of the
experiments was to observe the amplitude fluctua�
tions of ultrasound that occur above a certain inten�
sity threshold and can be interpreted as parametric
generation of shear waves.

The specimens of agarose hydrogel had the form of
semitransparent elastic cylinders with a diameter of
30 mm and a length of 29 mm. They were prepared by
jellification of an agarose aqueous solution with a mass
concentration of 1.5%. In the course of preparation,
the specimens were degassed. 

The measurements were performed in a partially
anechoic tank (20 × 56 × 28 cm) with precipitated
water. The experimental setup is schematically repre�
sented in Fig. 3. Longitudinal waves were excited in
the medium by a focusing piezoceramic transducer.
The transducer (1) was fixed to the rod of a traverse
gear, which allowed displacements of the transducer in
three mutually perpendicular directions, as well as
controlled variations of the slope of the transducer
axis. The parameters of the focusing transducer were
as follows: a frequency of 0.969 MHz, a plate diameter
of 62 mm, and a focal length of 70 mm. The calculated
dimensions of the focal region in water were: a diame�
ter of 4.4 mm and a length of 16 mm. To minimize the
possibility of cavitation on the path of the acoustic
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beam in water, the transducer was placed into a trun�
cated cone whose outlet hole was closed with a sound�
transparent film, and the cone was filled with degassed
water. The specimen under study (2) was mounted on
a special base in a “soft” manner at the center of the
tank on the axis of the transducer. The end of the spec�
imen was perpendicular to the axis of the sound beam
and was pressed to the outlet hole of the cone. The
focal region was inside the specimen. 

The total acoustic power of the transducer was
determined by the measurement of the radiation force
in water and varied from 0.66 to 87 W. The calculated
value of ultrasound intensity (in water) averaged over
the cross section of the focal spot correspondingly var�
ied from 3.5 to 466 W/cm2. The specimens were
insonified by isolated pulses with a duration of 60 ms
at 2�min intervals, while the level of the incident wave
was increased from pulse to pulse by 1 dB. 

The receivers of acoustic signals were two hydro�
phones (3), which had the form of small piezoceramic
cylinders with a diameter of 1.5 mm; the cylinders
were inserted into metal tubes with an outer diameter
of 2 mm. The amplitude–frequency characteristic of
the hydrophones in the frequency band under study
was uniform. The receivers were positioned as follows:
one of them was in the field of ultrasound transmitted
through the specimen, at the axis of the radiating
transducer, at a distance of 20–30 mm from the rear
end of the specimen, i.e., at a distance of 45 mm from
the center of the focal region; the other receiver was in
the focal plane in water, at a distance of 1–3 mm from
the surface of the specimen (16–18 mm from the
beam axis). The latter hydrophone received the signal
in the scattered field. The signal from the hydrophones

was supplied to the input of an 8�digit LA�n4USB dig�
ital converter (7), which was connected with a per�
sonal computer (8) through a USB bus. The transmis�
sion band of the converter was up to 100 MHz, and the
input sensitivity was  V. The sampling fre�
quency was 15.625 MHz. The received signals,
namely, the transmitted and scattered ones, were visu�
alized on the PC display and saved as two�channel
sound files. At the stage of data processing, the average
amplitudes of the transmitted and scattered signals
were measured and then subjected to spectral analysis
in the frequency band from 0.45 to 1 MHz (using the
SpectraLAB program package). The received signals
were tested for the presence of low�frequency modula�
tion and for the presence of the half�frequency sub�
harmonic component.

Figure 4 shows the squared amplitudes of signals
received by the hydrophones in the acoustic field
transmitted through the specimen and in the scattered
field versus the total acoustic power of the radiating
transducer. One can see that the intensity of the trans�
mitted wave increases in direct proportion with the
power of incident ultrasound. When the ultrasonic
power exceeds 20 W, the slope of the curve represent�
ing the growth of the transmitted signal slightly
decreases, which testifies to an increase in energy loss
along the path of the sound beam. At the same time,
the scattered signal, being almost absent in the small
power region, begins to exceed the noise level when
the power reaches 20 W. As the power increases fur�
ther, the amplitude of the scattered signal rapidly
grows, this growth being much faster than that of the
transmitted signal amplitude. 

±0.125
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4

1 3
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2
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8

Synchronization

Fig. 3. Experimental setup: (1) focusing transducer (with a frequency of 0.969 MHz, a plate diameter of 62 mm, and a focal length
of 70 mm), (2) specimen, (3) hydrophones, (4) precision clock oscillator (G3�110), (5) power amplifier (UZGM 50�dB),
(6) monitor millivoltmeter, (7) A/D converter (LA�n4USB), (8) personal computer.
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Figure 5 shows typical records of signals obtained
from the hydrophones as a result of insonifying a
specimen of agarose gel by a single pulse (60 ms) of
focused ultrasound. The left�hand plots represent the
signals received in the acoustic field after transmis�
sion of ultrasound through the specimen, and the
right�hand plots show the signals obtained in the
scattered field in the focal plane. From top to bottom
(both at the left and at the right), the plots corre�
spond to the following values of the total power of
incident ultrasound: (a, b) 2.56, (c, d) 19.5, (e, f) 29,
(g, h) 48, and (i, j) 72 W. The abscissa axis represents
time (in milliseconds), and the ordinate axis repre�
sents the signal amplitudes received by the hydro�
phones (in millivolts). 

The records shown in Fig. 5 demonstrate the for�
mation and the development of the low�frequency
modulation of signals in the transmitted and scattered
fields. At an incident ultrasonic power of 2.56 W
(Figs. 5a, 5b), no modulation of signals is observed. At
19.5 W, a low�frequency modulation appears in the
scattered signal (Fig. 5d) within 20 ms after the begin�
ning of insonification, whereas the transmitted signal
(Fig. 5c) remains unperturbed. At an ultrasonic power
of 29 W, the transmitted signal (Fig. 5e) exhibits a jum�
plike decrease in the signal amplitude within 5 ms after
the beginning of insonification, and then minor traces
of amplitude modulation appear; at the same time, the
scattered signal (Fig. 5f) exhibits a strong amplitude
modulation. At higher ultrasonic powers of 48 and
72 W, a fully developed amplitude modulation can be
observed in both the transmitted (Figs. 5g and 5i,
respectively) and scattered (Figs. 5h and 5j) signals.
The drastic increase in the scattered signal level in
Figs. 5h and 5j testifies to the presence of scattering

centers inside the specimen on the path of propagation
of the ultrasonic beam. 

The experimental results presented above show
that the action of focused ultrasound on a gel�type
medium with an ultrasonic power exceeding a cer�
tain threshold leads to sharp changes in the
medium, which manifest themselves in fluctuations
of the direct ultrasonic signal and in the appearance
of the scattered signal. One of the possible mecha�
nisms may be the parametric instability of the sound
field, which leads to shear wave generation. The
shear waves destroy the gel structure of the medium,
and this leads to an increase in absorption and scat�
tering of sound. The threshold value of the radiation
power at which fluctuations of the sound field arise
can be estimated as 20 W. Recalculating this value to
the intensity at the focal spot, we obtain approxi�
mately 112 W/cm2. This value is close to the theo�
retical estimate given above.

In closing, we discuss the basic results of this study
and formulate the questions that should be answered
before the effect under consideration can be accepted
(or rejected) as an important effect in biomedical
acoustics. 

We theoretically showed that, in soft solids, a suffi�
ciently intense longitudinal (sound) wave may cause
generation of shear waves. The frequency of shear
waves is half the frequency of the longitudinal wave
and the wavelength of shear waves is two to three
orders of magnitude smaller than the longitudinal
wavelength. The generation threshold depends on two
parameters: the nonlinearity coefficient, which
describes the dependence of the shear modulus of the
medium on pressure, and the attenuation coefficient
of shear waves. At present, for both biological tissues
and simpler model gel�type media, the values of these
parameters in the megahertz frequency range are
determined neither experimentally, nor theoretically.
Therefore, a reliable determination of the shear wave’s
generation threshold requires direct measurements of
nonlinearity coefficients and loss coefficients in soft
solids.

In our model experiments, we observed fluctua�
tions of pulsed focused ultrasound in agar�gelatin
gel. The fluctuations can be interpreted as a conse�
quence of partial damage of the gel structure by
shear waves. However, we cannot rule out the influ�
ence of cavitation and admit that, by now, a unique
choice of one of these mechanisms is impossible. A
more definite conclusion can be made on the basis
of repeating the model experiments under a higher
static pressure.

Finally, we note that, generally speaking, actual
biological tissue consisting of cells is not homogeneous
for shear waves. The size of cells and the shear wave�
lengths in the megahertz frequency range are on the
same order of magnitude. However, it is clear that the
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Fig. 4. Squared amplitude of hydrophone signals in the
scattered field and in the field of ultrasound transmitted
through the specimen versus the radiation power of the
transducer.

the specimen



ACOUSTICAL PHYSICS  Vol. 55  No. 4–5  2009

PARAMETRIC EXCITATION OF SHEAR WAVES IN SOFT SOLIDS 573

20

40

0

20

0

–20

–40

40 60
Time, ms

A
m

p
li

tu
d

e,
 m

V

(i)

20

40

0

20

0

–20

–40

40 60
Time, ms

(j)

40

20

0

–20

–40

(g) 40

20

0

–20

–40

(h)

40

20

0

–20

–40

(e)
8

4

0

–4

–8

(f)

40

20

0

–20

–40

(c)
8

4

0

–4

–8

(d)

40

20

0

–20

–40

(а)
8

4

0

–8

–4

(b)

Fig. 5. Records of hydrophone signals obtained by insonifying an agarose gel specimen by a single pulse (60 ms) of focused ultra�
sound.

inhomogeneity of the medium cannot prevent genera�
tion of some other vibrations that may be more com�
plicated than shear waves.
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